Entanglement is a resource in quantum information theory when state manipulation is restricted to Local Operations assisted by Classical Communication (LOCC). It is, therefore, of paramount importance to decide which LOCC transformations are possible and, particularly, which states are maximally useful under this restriction. While the bipartite maximally entangled state is well known (it is the only state that cannot be obtained from any other and, at the same time, it can be transformed to any other by LOCC), no such state exists in the multipartite case. In order to scope with this fact, we introduce here the notion of the Maximally Entangled Set (MES) of n−partite states. This is the set of states which are maximally useful under LOCC manipulation, i. e. any state outside of this set can be obtained via LOCC from one of the states within the set and no state in the set can be obtained from any other state via LOCC. We determine the MES for three and four qubit states and provide a simple characterization for them. In both cases, infinitely many states are required. However, while the MES is of zero-measure for 3−qubit states, almost all 4-qubit states are in the MES. This is because, in contrast to the 3-qubit case, deterministic LOCC transformations are almost never possible among fully entangled four-partite states. We determine the zero-measure subset of the MES of LOCC convertible states. This is the only relevant class of states for entanglement manipulation.
Multipartite entangled states constitute the essential ingredient for many fascinating applications within quantum computation and quantum communication [1, 2] . The theory of many-body states plays also an important role in other fields of physics [3] . As the existence of those practical and abstract applications rests upon the subtle properties of multipartite entangled states, one of the main goals in quantum information theory is to gain a better understanding of the non-local properties of quantum states. Whereas the bipartite case is well understood, the theory of multipartite entanglement is still in its infancy [4] .
In the context of quantum information theory, entanglement is a resource that allows to achieve certain information processing tasks. This has led to the development of entanglement theory, which deals with the qualification and quantification of entanglement and with the manipulation of this resource in general [4] . Therein, the notion of Local Operations assisted by Classical Communication (LOCC) plays a central role as this is the most general form of manipulating a multipartite state by spatially separated parties. Thus, LOCC convertibility induces the natural ordering in the set of entangled states and the very fundamental condition for a function to be an entanglement measure is that it does not increase under LOCC. Hence, entanglement theory is a resource theory in which entanglement is a resource for manipulations restricted to LOCC. It is then a fundamental question to ask which states are maximally entangled, i. e. which states are maximally useful under the LOCC restriction. Nielsen [5] has characterized all LOCC transformations which are possible among arbitrary pure states in the bipartite case. From there, it follows that the Bell state (and its generalization to higher dimensions) is the maximally entangled state as this is the only state that can be transformed to any other by LOCC operations. Thus, it is not surprising that the Bell state plays a prominent role in most known bipartite quantum information protocols such as teleportation [6] or cryptography [7] and also in quantifying entanglement [8] . Unfortunately, there is no straightforward extension of Nielsen's theorem to the multipartite case and the investigation of LOCC transformations is very difficult due to their complicated mathematical structure [9] . Indeed, LOCC convertibility is in general unknown in the multipartite case save for a few classes of states [10] . For this among other reasons, multipartite entanglement has been classified according to other physically and/or mathematically motivated operations. Local unitary operations (LUs) are the only invertible LOCC transformations and, hence, they interconvert states with the same entanglement. Recently, necessary and sufficient conditions for the LU-equivalence of pure n-qubit state have been derived [11] . Stochastic LOCC (SLOCC) operations identify states which can be interconverted by LOCC non-deterministically but with a non-zero probability of success. There exist two different SLOCC-classes for 3−qubit states [12] but there are infinitely many for more parties [13] . Both LU and SLOCC identify fundamentally different forms of entanglement but they just define equivalence classes and cannot be utilized to identify which states are more useful than others. Thus, another approach has been investigating separable transformations (SEP) (see [14] and references therein), which although without a clear operational meaning, have a much simpler mathematical structure and they include LOCC. However, the inclusion is strict [15] and there exist SEP transformations that cannot be implemented by LOCC [16] . Other authors have tried to identify multipartite maximally entangled states by extrapolating different particular properties of the Bell state to the multipartite case [17] . However, let us stress here that, as argued above, LOCC transformations induce the only operationally meaningful ordering in the set of entangled states. Consequently, multipartite maximal entanglement can only be rigorously established on the grounds of maximal usefulness under LOCC. This is precisely the main aim of this Letter.
Despite all the difficulties one faces when investigating LOCC transformations, we introduce here the notion of the Maximally Entangled Set (MES) of n-partite states. A MES, S n , is the minimal set of n-partite states, such that any other truly n-partite entangled state can be obtained deterministically from a state in S n via LOCC. In other words, a MES, S n , is a set of states with the following properties: (i) No state in S n can be obtained from any other state via LOCC (excluding LU) and (ii) for any n-partite state, |Φ ∈ S n , there exists a state in S n such that |Φ can be obtained from it via LOCC. Thus, it is the set of states, not as in the bipartite case an individual state, which is maximally entangled. We consider the simplest nontrivial cases of few-qubit systems and we determine S 3 and S 4 [23] . Contrary to the bipartite case, the sets do not contain a single state but infinitely many. Nevertheless, S 3 is of measure zero in the full set of 3−qubit states and, hence, very few states are maximally useful under LOCC. Moreover, LOCC conversions are always possible. The situation changes drastically already in the four-partite case as we show that S 4 is of fullmeasure. Thus, perhaps surprisingly, almost all 4−qubit states are in the MES. The reason for this is that almost all states are isolated, i. e. they cannot be obtained from nor transformed to any other fully entangled state by deterministic LOCC (excluding LU). Hence, LOCC induces a trivial ordering in the set of entangled states, the possibility of LOCC conversions is very rare in the multipartite case and most states are useless from this perspective. However, we also identify a zero-measure subset of states in the MES which are LOCC convertible. Those are the most useful states regarding entanglement manipulation. Hence, the investigation of this class of states could, as was the case for the Bell state, lead to new multipartite applications of quantum information.
Trough out the paper we denote by 1l, X, Y, Z as well as by σ i , where i = 0, 1, 2, 3 the identity operator and the Pauli operators. Moreover, W (α) = exp(iαW ) for W = X, Y, Z. Whenever it does not lead to any confusion we ignore normalization. G denotes the set of local invertible (not necessarily determinant 1) operators and g, h denote elements of G, e.g. g = g 1 ⊗ . . . ⊗ g n , with g i ∈ GL(2). Two states are said to be in the same SLOCC-class (LUclass) if there exists a g ∈ G (g local unitary) which maps one state to the other.
Notice that when studying LOCC convertibility, we ignore pure LU transformations which can always be performed. Hence, in rigor, we characterize LOCC convertibility among the LU-equivalence classes and we only consider one representative for each class. Notice as well that we consider LOCC transformations among fullyentangled states which are, hence, only possible among states in the same SLOCC-class.
Let us now begin by reviewing the, for the present work relevant, results on the mathematically more tractable SEP presented in [14] . We denote by S(Ψ) = {S ∈ G : S |Ψ = |Ψ } the set of stabilizers of |Ψ . In [14] it has been shown that a state |Ψ 1 = g |Ψ can be transformed via SEP to |Ψ 2 = h |Ψ iff there exists a m ∈ N and a set of probabilities,
Here,
are local operators and r = nΨ 2 nΨ 1 with n Ψi = || |Ψ i || 2 . The local POVM elements accomplishing the task to transform
That is, the eigenvalues of the positive operator rG are majorized by the eigenvalues of H [5, 14] . We first use this result to set necessary conditions for LOCC convertibility. The basic idea here is to show that any symmetry, which does not belong to the unitary group can be used to define a standard form up to LUs for the different SLOCC-classes. Once, this standard form is fixed, the only operations, which make a transformation possible are the unitary stabilizers [24] . Later, we show that these transformations are already so constrained that, whenever possible, one can also find a corresponding LOCC protocol. Moreover, as we will see, the LOCC protocols are always quite simple. In fact, each party needs to measure at most once.
Before we investigate the MES for three and four qubits, it will be useful to keep in mind that any state, which has the property that all single qubit reduced states are completely mixed is in the MES [18] . Thus, any connected graph state as well as any error correcting code is in the MES.
Let us now determine the MES, S 3 , for three qubits. As there exist two inequivalent tripartite entangled SLOCC-classes, the GHZ-class and the W-class [12] , S 3 must include at least two states. Notice that these are the only classes of multipartite states for which LOCC transformations have been characterized [10] . Since this exhausts all the possible classes (exclusively) for 3−qubit states, one could also determine S 3 from the results therein. However, in order to demonstrate our techniques we derive S 3 now independently from those results.
Let us begin with the GHZ-class. Since the single qubit reduced states of the GHZ state, |GHZ = |000 + |111 are completely mixed, we know that it is in S 3 . It is well known that any element of the symmetry group of the GHZ-state can be written as
We use now this symmetry to determine a standard form of the states in the GHZ-class. Since for any positive definite 2 × 2 matrix g † g there exists a γ such that
, X} and tr(g † x g x X) ≥ 0, the states can be written (up to LUs [25]) as
with z ∈ I C. Here, and in the following, g
1 ∈ [0, 1/2) to ensure that the operators are invertible (otherwise entanglement is destroyed). In order to simplify the notation we will in the following allow for negative values of g (3) 1 , even though the corresponding state would be of the form as in Eq. (2) for a properly chosen value of z.
Using this standard form we show now that all states in the MES (apart from |GHZ ) are of the form g (2)) with no trivial g i x (for details see Appendix A). Let |Ψ 1 = g |GHZ be an arbitrary initial state and |Ψ 2 = h |GHZ an arbitrary final state, where
x P zg , with z g = |z g |e iαg , and similarly for h. Due to Eq. (1) we have that |Ψ 1 can be transformed to |Ψ 2 via SEP iff there exist prob-
Multiplying both sides of this equation with (|l m|)
⊗3 , for l, m = 0, 1, and taking the trace, it follows that if none of the h i x is trivial, then a state with z h = ±1 can only be obtained from a state with z g = ±1.
On the other hand, any state with z h = ±1 or at least one of the h i x trivial can be obtained from a state with z g = ±1. In fact, in those cases, one can not only derive a SEP, but a LOCC protocol, which accomplishes this task. For instance, the final state,
, for a properly chosen operator g 3 x via the following LOCC protocol: Party 3 applies the POVM
−1 } and in case outcome 1 (2) is obtained all other parties do nothing (apply a X operation). Since X commutes with h i x it can be easily seen that the desired state is obtained for both outcomes. Thus, the only states in the MES in this class are of the form g
Let us now treat the W -class. Using the symmetry of the W -state, |W = |001 + |010 + |100 ([19], Appendix A) it is easy to see that any state in the W -class can be written as g 1 ⊗ g 2 ⊗ 1l |W , where
We are going to show now that the states in this class are in the MES iff x 0 (g) = 0 (for details see Appendix A). First of all, note that we only need to consider unitary stabilizers since any POVM element transforming the The solely unitaries leaving the W -state (up to a global phase) invariant, are of the form Z(α) ⊗3 (α ∈ I R). Suppose now that x 0 (h) = 0. In this case, H 2 as well as H 1 commutes with any symmetry operator. Hence, |Ψ 1 can be transformed into |Ψ 2 via SEP (see Eq. (1)
Clearly this implies that x 0 (g) = 0. Thus, states with x 0 (h) = 0 can only be obtained from states with x 0 (g) = 0. Moreover, in this case the states can only be transformed into each other if they are LU-equivalent since there is only one POVM element. This shows that states with x 0 (g) = 0 are in the MES. Similarly to the GHZ case, one can construct a LOCC protocol which reaches any state with x 0 (h) = 0 from one with x 0 (g) = 0. This shows the following Theorem 1. The MES of three qubits, S 3 , is given by
where no g i x ∝ 1l (except for the GHZ state) and g 1 and g 2 are diagonal.
Interestingly, S 3 has a very simple parametrization in terms of the decomposition of 3−qubit states some of us have introduced in [20] . While 3−qubit LU-classes are parameterized by 5 real parameters it can be shown that any state in S 3 belongs (up to LUs) to the threeparameter set (see Appendix A)
where |Ψ s = a |00 + √ 1 − a 2 |11 has Schmidt decomposition and a, β, β ′ ∈ I R. Using this form we show now that any state in S 3 can be mapped into some other state (outside of S 3 ) via a non-trivial LOCC protocol, which also implies that no 3-qubit state is isolated. Note that X ⊗ ZY (−β ′ ) ⊗ ZY (−β) leaves any state |Ψ(a, β, β ′ ) invariant. Using this symmetry, it is easy to see that any |Ψ(a, β, β ′ ) can be transformed into any state A ⊗ 1l ⊗2 |Ψ(a, β, β ′ ) , where A is such that tr(A † AX) = 0 and tr(A † A) = 1. The corresponding POVM is locally realizable and it is given by POVM el-
. Thus, in summary, for three qubits, although there are infinitely many states in the MES, it is of zero-measure and, furthermore, no state is isolated, i. e. LOCC entanglement manipulation from every state in the MES is always possible.
We move now to the 4−qubit case. Since there are infinitely many SLOCC-classes, S 4 has to contain infinitely many states. Generic states belong to the different SLOCC-classes known as G abcd with representatives
where a, b, c, d ∈ I C with a = ±b etc.. We will call these states in the following seed states. Due to the normalization and the irrelevant global phase, the seed states are parameterized by 6 parameters. It can be easily seen that the stabilizer in this case is given by {σ
3 ) as we exclude here projectors in order to consider fully entangled 4-qubit states. Considering the trace of Eq. (1) we obtain r = 1. Note that for each i, the vector containing the eigenvalues of G i , which are 1/2 ± |g (i) |, must be majorized by the corresponding vector for H i . Thus, |g (i) | cannot decrease under LOCC and therefore, these parameters have a monotonic behavior under LOCC. Since the symmetry of the seed states only allows to change simultaneously the sign of the same two parameters for all operators G i , the matrices G i can be made unique and by sorting the coefficients in Eq. (6) this leads to a unique standard form. Let us note here, that this implies that two generic states are LU-equivalent iff their standard forms coincide. Since four-qubit LU equivalence classes are parameterized by 18 parameters [21] , and the set of states considered here is parameterized by the 6 independent seed parameters and the 12 independent SLOCC parameters, g
j , for i ∈ {1, 2, 3, 4}, j ∈ {1, 2, 3}, the set is, as expected, of full-measure in the set of states.
Let us now study the MES, S 4 . Notice that all single qubit reduced states of a seed state are completely mixed, which implies that all seed states are in S 4 . We proceed now as in the three-partite case: first we derive necessary conditions for a state to be reachable via SEP, and then we derive the corresponding LOCC protocol (if it exists). Contrary to before we will see that almost no state can be reached via LOCC.
One of the main differences between the four-partite and the three-partite case are that there are only finitely many symmetries and that all symmetries are unitary. This fact can be used to derive very simple necessary conditions for the existence of the LOCC protocol. The main idea here is to observe that for |Ψ 1 = g |Ψ and |Ψ 2 = h |Ψ , Eq. (1) implies that
where E 4 is the completely positive map given in Eq.
(1) and E(ρ) = 3 k=0 p k σ k ρσ k . Note that Eq. (7) only depends on the state |Ψ 2 and is independent of |Ψ 1 . Considering Eq. (7) for two systems, i. e. tracing over the other two, allows already to derive very strong necessary conditions on |Ψ 2 to be reachable via SEP. In Appendix B we show which of those states can indeed be reached via LOCC by constructing, similarly to the three-partite case, the corresponding LOCC protocol. With all that we obtain the following theorem (for details of the proof see Appendix B).
Theorem 2. A generic state, h |Ψ , is reachable via LOCC from some other state iff (up to permutations)
w , for w ∈ {x, y, z} where
Since this is only a 12 parameter-family, only a zeromeasure set of states can be reached via LOCC. Therefore, all the remaining generic states are necessarily in S 4 , which is then of full-measure and contains almost all states.
Let us now characterize which states can indeed be used for entanglement manipulation, i.e. which of them can be transformed by LOCC into another state. Since a state |Ψ 1 = g |Ψ having this property can only be transformed into some state |Ψ 2 = h |Ψ given in Theorem 2, the conditions E(
Indeed, one can easily show that any state obeying the conditions above allows for non-trivial LOCC transformations (see Appendix B). Thus, we have the following theorem, which shows that deterministic LOCC manipulations among fully entangled 4−qubit states are almost never possible. Combining now Theorem 2 and Theorem 3 we see that every state that can be reached via LOCC can at the same time be transformed into another state and that all states that are not of the form given in Theorem 3 (which are almost all) are isolated. Moreover, the non-isolated generic states which are in the MES constitute a 10-parameter family of the form G w |Ψ , with G w = g Thus, the set of generic 4−qubit entangled states is divided into two subsets with very different physical properties: A zero-measure set of LOCC convertible states and a full-measure set of isolated states. Clearly, the first one appears to be the physically more relevant one. In particular, its intersection with the MES, i.e. the set {g
w |Ψ } with w ∈ {x, y, z}, gives rise to the most useful states under LOCC manipulation. Note that all these states can again be written in a very simple form as |0 |Ψ 0 + |1 X ⊗3 |Ψ 0 , with |Ψ 0 depending on the SLOCC parameters {g (i) j } and the seed parameters. In summary, we have introduced here the concept of the MES of n-qubit states, S n , which is the analogue of the maximally entangled state in the bipartite case. We derived S 3 and have shown that almost all states are in S 4 by showing that all SEP transformations can be implemented by LOCC in this case. For more than two parties the MES contains infinitely many states; however, while S 3 is of measure zero, S 4 is of full-measure because almost all states are isolated. Those results implicate that almost all entangled 4-qubit states are incomparable according to the LOCC paradigm, which induces a rather trivial ordering in the set of entangled states and imply that almost all states are useless for entanglement manipulation. However, we determined the zero-measure subset of generic non-isolated states in the MES, which allows for a very simple decomposition. Understanding in more depth the physical and mathematical properties of this class of states might lead to new insights in multipartite entanglement and its applications. It will also be interesting to study the MES in the case of LOCC transformations among multiple copies of states. In a forthcoming article [ In a future publication we will present a systematic method to determine the symmetry of a state |Ψ to analyze all possible LOCC transformations; however, for the classes considered here, the determination of the corresponding stabilizers is straightforward.
[25] The LUs are chosen such that gx = g † xgx.
APPENDIX A: 3-QUBIT MES
We provide here the details of the proof of Theorem 1, which we restate here, Theorem 1. The MES of three qubits, S 3 , is given by
where, no g i x ∝ 1l (except for the GHZ state) and g 1 and g 2 are diagonal.
The outline of the proof is as follows. Within each SLOCC-class we show first that none of the states in S 3 can be reached via separable maps (SEP). Since SEP includes LOCC this implies that these states cannot be obtained by any LOCC protocol either. Then we prove that all other states can be obtained via LOCC from states that are in the MES. In particular, we present the corresponding LOCC protocols.
In order to improve the readability of the appendix we repeat again the results about possible transformation via SEP presented in [14] . As in the main text, let us denote by S(Ψ) = {S ∈ G : S |Ψ = |Ψ } the set of stabilizers of |Ψ . Then, a state |Ψ 1 = g |Ψ can be transformed via SEP to |Ψ 2 = h |Ψ iff there exists a m ∈ N and a set of probabilities,
Here, as in the main text, we use the notation H = h † h ≡ H i , and G = g † g ≡ G i correspond to local operators and r = nΨ 2 nΨ 1 with n Ψi = || |Ψ i || 2 .
In order to prove Theorem 1 we consider the two threepartite SLOCC-classes, the GHZ-class and the W-class seperately, in Lemma 1 and 2 respectively. Let us start with the GHZ-class. We will use in the following the standard form for states in the GHZ-class that was introduced in the main text, i. e.
with P z = diag(z, z −1 ) and z ∈ I C. As mentioned before, every element of the symmetry group can be written asX k P γ , with k ∈ {0, 1}. This follows from the fact that the symmetry group of the GHZ state is generated by [19] P γ1 ⊗ P γ2 ⊗ P (γ1γ2) −1 ≡ P γ , with γ i ∈ I C and X ≡ X ⊗3 and the fact that P γ X = XP γ −1 .
Lemma 1. The subset of states in S 3 which are in the GHZ-class is given by
where no g i x ∝ 1l. Proof. We denote by |Ψ 1 = g |GHZ an arbitrary initial state and by |Ψ 2 = h |GHZ an arbitrary final state.
x P zg , with z g = |z g |e iαg , and similarly for h. Note that z g = ±1 implies that |Ψ 1 is an element of the set given in Eq. (11). Using Eq. (9) we have that a state |Ψ 1 can be transformed into |Ψ 2 via SEP iff there exist finitely many probabilities, p k, γ such that
Let us now show that if |Ψ 2 is as in Eq. (11) it cannot be obtained from any other state via LOCC. If |z h | = 1 the conditions above imply that |z g | = 1 and that r = 1, i.e. n Ψ2 = n Ψ1 . The last condition is equivalent to h
1 h
1 cos(2α h ) = g
1 g
1 cos(2α g ).
1 e 2iαg .
Hence, if h
= 0, the condition α h ∈ {0, π} implies that the same must be true for α g . We used here that a state with α g = ±π/2 is LU-equivalent to a state with α g ∈ {0, π}. This shows that if h
1 = 0 a state with z h = ±1 can only be obtained from a state with z g = ±1, which are precisely the states given in Eq. (11) . We will prove now that a state
= 0 and z h = ±1, can neither be obtained from any other state of this form nor from the GHZ state. Note thatX commutes with H. Thus, we only have to consider the symmetries P γ . Due to the discussion above we have that r = 1 (see Eq. (9)) in this case. Taking now the trace of Eq. (9) leads to
which is satisfied iff |γ i | = 1 for all γ i occurring in the sum. Thus, we only have to consider unitary symmetries in Eq. (9). This implies that the vector containing the eigenvalues of G i must be majorized by the corresponding vector of H i , which implies that |g 1 g
1 , ∀i. Thus, |Ψ 1 can only be transformed into |Ψ 2 if the states were LU-equivalent. As already mentioned in the main text, the GHZ state is in S 3 , since all the single qubit reduced states of the GHZ state are completely mixed. We will prove now that a state is in the MES only if it is of the form given in Eq. (11), where no g i x ∝ 1l. In order to show that, we present the explicit LOCC protocols that allow to reach all the other states in the GHZ-class from a state in the MES. Let us start by showing that states of the form |Ψ 2 = 1l⊗h x Z}. They communicate their outcomes, which we denote by i 2 , i 3 ∈ {0, 1} to party 1. Then, party 1 applies Z i2+i3 . Due to the symmetry of the GHZ state it can be easily seen that this LOCC protocol accomplishes the task. The remaining class of states, namely those, where z h = ±1, can be obtained from a state with z g = ±1, as can be seen as follows. We show that for an arbitrary final state,
x P z h |GHZ (with z h = ±1) there exists an operator g 3 x such that the state
and
. It is easy to see that g
The left hand side of this equation is equal to 1/21l +bX, withb = 2pb cos(2α h ). Thus, for any z, b one can chose G 3 x = 1/21l +bX to satisfy the above condition. The LOCC protocol to transform |Ψ 2 to |Ψ 1 is then given by: Party 3 applies the POVM
and communicates the outcome to the other parties. In case of outcome 1 all other parties do nothing, whereas in case of outcome 2 they apply a X operation. Due to the fact that X commutes with h i x and X ⊗3 is an element of the symmetry group of the GHZ state the desired state is obtained for both outcomes.
The other SLOCC-class for truly entangled threepartite states is the W -class. The symmetry of the Wstate [19] , |W = |001 + |010 + |100 , is given by
where x, y, z ∈ C and any state in this SLOCC-class can be written as x 0 |000 + x 1 |100 + x 2 |010 + x 3 |001 , with x i ≥ 0. Another way of presenting an arbitrary state in the W -class, which we will use in the following, is g 1 ⊗ g 2 ⊗ 1l |W , where [3] 
Lemma 2. The subset of states in S 3 which are in the W-class is given by
where g 1 and g 2 are diagonal.
Proof. In order to prove that the states in this class are in the MES if x 0 (g) = 0, let us first show that we only need to consider unitary stabilizers. Recall from the main text that any element of a POVM that can be implemented must be such that the operation applied by party 3, S
Applying |0 1| ⊗ |1 0| to both sides of the previous equation and taking the trace leads to x,y p x,y |y| 2 = 0. Thus, y has to be zero and therefore the stabilizer is unitary (see Eq. (16)). The unitaries that leave the W state (up to a global phase) invariant, are given by Z(α) ⊗3 , with α ∈ I R. Thus, |Ψ 1 can be transformed into |Ψ 2 via SEP iff there exist finitely many probabilities p α such that
where we used that H 1 commutes with any Z(α). Note that if x 0 (h) = 0, then also H 2 commutes with Z(α) and therefore in this case we have H 1 ⊗H 2 ⊗1l = rG 1 ⊗G 2 ⊗1l, which implies the condition x 0 (g) = 0. Hence, states with x 0 (h) = 0 can only be obtained via LOCC from states with x 0 (g) = 0. Moreover, since there is only one POVM element in this case the states can only be transformed into each other if they are LU-equivalent. From this it follows that states with x 0 (g) = 0 are in MES. Let us now show that these are the only states of the Wclass in MES. In order to do so, we show that any state, |Ψ 2 = h 1 ⊗ h 2 ⊗ 1l |W , with x 0 (h) = 0 can be obtained from a state |Ψ 1 = h 1 ⊗ g 2 ⊗ 1l |W with x 0 (g) = 0. One can choose g 2 such that the POVM 
Thus, choosing G 2 as in the equation above (with x 0 (g) = 0) ensures that {M 1 , M 2 } is a POVM. Hence, the LOCC protocol transforming |Ψ 1 into |Ψ 2 is as follows: Party 2 applies the POVM {h 2 g −1 2 , h 2 Zg −1 2 } and communicates the outcome of the measurement to the other parties. In case outcome 1 (2) is obtained, all remaining parties apply 1l (Z) respectively to obtain the desired state. Thus, the states in MES in this class are of the form
where g 1 and g 2 are diagonal, i.e. x 0 (g) = 0.
In summary, we have characterized the MES in Lemma 1 and 2 for each of the three-partite entangled SLOCCclasses seperately. Combining these results directly proves Theorem 1. Note that the non-unitary symmetry was only used to derive a standard form within the different SLOCC-classes. The transformations which are then possible are only possible due to the Pauli operators.
Writing the states that are in the MES in the computational basis it is easy to show that any state in S 3 is an element of the set
where |Ψ s = a |00 + √ 1 − a 2 |11 has Schmidt decomposition and the parameters, a, β and β ′ are simple functions of the parameters {g
for the GHZ-class and {x i } i equals 1, then only one p k differs from zero, which implies that the initial and the final states are LU-equivalent. Thus, we are looking for solutions of Eq. (25) where there exists at most one i ∈ {1, 2, 3} such that η 2 i = 1. Clearly, if h (1) (h (2) ) T = 0, which is the case iff h (1) = 0 and/or h (2) = 0, Eq. (25) is satisfied. The same reasoning extends to other pairs of parties and this leads to the states of case (i) of the Theorem, where we need to take into account that for one party it must hold that h (I) = 0 since we know that seed states are in the MES. In case h
(1) (h (2) ) T = 0 there can be at most one i such that 
2 , h
3 ) and h (2) = (h
1 , 0, 0) up to permutations of the parties and/or entries of the vectors. Moreover, imposing Eq. (25) for parties (1,2) and 3 and parties (1,2) and 4 leads to h (3) = h (4) = 0 (otherwise η 
